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THE GEOMETRY OF DOMAINS WITH NEGATIVELY PINCHED KA¨HLER
METRICS
FILIPPO BRACCI1, HERVE´ GAUSSIER2, AND ANDREW ZIMMER3
Abstract. We study how the existence of a negatively pinched Ka¨hler metric on a domain in
complex Euclidean space restricts the geometry of its boundary. In particular, we show that if a
convex domain admits a complete Ka¨hler metric, with pinched negative holomorphic bisectional
curvature outside a compact set, then the boundary of the domain does not contain any complex
subvariety of positive domain. Moreover, if the boundary of the domain is smooth, then it is
of finite type in the sense of D’Angelo. We also use curvature to provide a characterization of
strong pseudoconvexity amongst convex domains. In particular, we show that a convex domain
with C2,α boundary is strongly pseudoconvex if and only if it admits a complete Ka¨hler metric
with sufficiently tight pinched negative holomorphic sectional curvature outside a compact set.
1. Introduction
Let (M,J) be a complex manifold with Ka¨hler metric g and let R(g) denote the curvature
tensor of (M,g). Then the holomorphic bisectional curvature of non-zero X,Y ∈ TpM is given
by
B(g)(X,Y ) =
R(g)(X,JX, Y, JY )
g(X,X)g(Y, Y )
and the holomorphic sectional curvature of a non-zero X ∈ TpM is given by
H(g)(X) = B(g)(X,X).
We say that (M,g) has pinched negative holomorphic bisectional curvature if there exists
a, b > 0 such that
−a ≤ B(g)(X,Y ) ≤ −b
for all p ∈ M and non-zero vectors X,Y ∈ TpM . Likewise, we say that (M,g) has pinched
negative holomorphic sectional curvature if there exists a, b > 0 such that
−a ≤ H(g)(X) ≤ −b
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for all p ∈ M and non-zero vector X ∈ TpM . It follows from [17, Equation 4], that if the
Riemannian sectional curvature is negatively pinched, then the holomorphic bisectional cur-
vature is also negatively pinched. However, there exist examples of Ka¨hler manifolds which
have negatively pinched bisectional curvature, but not negatively pinched Riemannian sectional
curvature.
The holomorphic sectional curvature determines the entire curvature tensor, but in general it
is unclear how conditions on the holomorphic (bi)sectional curvature restrict the global complex
geometry of a manifold. One important result along these lines is due to P. Yang, who in 1976
proved the following theorem.
Theorem 1.1 (P. Yang [33]). Let D ⊂ C denote the unit disk. If d ≥ 2, then Dd := D× · · · ×
D ⊂ Cd does not admit a complete Ka¨hler metric with pinched negative holomorphic bisectional
curvature.
We note that the symmetric metric on the bidisk has pinched negative holomorphic sectional
curvature. Theorem 1.1 has been generalized by a number of authors, see for instance [25, 28,
29, 38]. In all these works, the pinching condition on the holomorphic bisectional curvature is
“global”, in the sense that it is required to hold at each point. However, it seems more natural
to ask for those pinching conditions to hold “asymptotically”, meaning outside a compact set.
Our first main result provides a vast generalization of P. Yang’s theorem and also connects the
existence of a complete Ka¨hler metric with pinched negative holomorphic bisectional curvature
with classical finite type conditions in several complex variables.
Let Γ be a smooth real hypersurface in Cd and let r be a local defining function for Γ. For
p ∈ Cd, let C∗(0, p) denote the set of germs of non constant holomorphic maps z from C to Cd,
such that z(0) = p. If g is a smooth function defined in a neighborhood of 0 ∈ C, we denote by
ν(g) the order of vanishing of the function g− g(0) at the origin. Following [9], the type τ(Γ, p)
of M at p ∈ Γ is defined by
τ(Γ, p) := sup
z∈C∗(0,p)
ν(r ◦ z)
ν(z)
.
Then the hypersurface Γ is of finite type (in the sense of D’Angelo) if τ(Γ, p) < ∞ for every
p ∈ Γ.
Our first main result is the following.
Theorem 1.2. Suppose Ω ⊂ Cd is a convex domain and Ω has a complete Ka¨hler metric, with
pinched negative holomorphic bisectional curvature outside a (possibly empty) compact subset of
Ω. Then:
(1) Ω does not contain any complex affine line,
(2) ∂Ω does not contain any complex subvariety of positive dimension, and
(3) if ∂Ω is a C∞ smooth hypersurface, then ∂Ω is of finite type in the sense of D’Angelo.
Remark.
(1) Notice that we do not assume that Ω is bounded. Further, parts (1) and (2) do not
require that ∂Ω has any regularity.
(2) The condition that Ω does not contain any complex affine line implies that the Kobayashi
distance on Ω is non-degenerate and that Ω is biholomorphic to a bounded domain.
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Under the hypothesis of Theorem 1.2, the Yau-Schwarz Lemma implies that the Ka¨hler metric
is bi-Lipschitz to the Kobayashi metric, see Lemma 8.2 below. Further, for bounded convex
domains of finite type (in the sense of D’Angelo), the Kobayashi metric induces a Gromov
hyperbolic metric space according to [39]. So we have the following Corollary of Theorem 1.2.
Corollary 1.3. Suppose Ω ⊂ Cd is a bounded convex domain with C∞ boundary. If g is a
complete Ka¨hler metric on Ω with pinched negative holomorphic bisectional curvature outside a
compact subset of Ω and d is the distance induced by g, then the metric space (Ω, d) is Gromov
hyperbolic.
Finite type conditions are essential in the study of partial differential equations in complex
analysis. For instance, it is a classical result due to D. Catlin [7] that the boundary of a
bounded, smooth, pseudoconvex domain is of finite type if and only if the ∂¯-Neumann problem
satisfies a subelliptic estimate at each boundary point; this implies in particular the regularity
up to the boundary of the canonical solution of the inhomogeneous Cauchy-Riemann equation.
Therefore, Theorem 1.2 part (3) shows that the existence of a Ka¨hler metric with pinched
negative holomorphic bisectional curvature has strong analytic implications.
Based on Theorem 1.2, it seems natural to conjecture the following.
Conjecture. Suppose that Ω is a bounded pseudoconvex domain with C∞ boundary in Cd, d ≥ 1.
Then there exists a complete Ka¨hler metric on Ω, with pinched negative holomorphic bisectional
curvature in a neighborhood of ∂Ω, if and only if ∂Ω has finite type.
For the existence part of the conjecture, there are a number of results concerning the Ka¨hler-
Einstein and the Bergman metrics. For bounded strongly pseudoconvex domains, works of S.Y.
Cheng and S.T. Yau [8], P. Klembeck [23], and K.T. Kim and J. Yu [22] give precise curvature
estimates near the boundary, see Theorem 1.5 below for details. J. Bland [5] proved that the
Riemannian curvature of the Ka¨hler-Einstein metric with prescribed negative Ricci curvature on
the Thu¨llen domain {|z|2 + |w|2p < 1} is negatively pinched for p ≥ 1. For Reinhardt domains
of finite type domains in C2, S. Fu [14] proved that the Bergman metric has negatively pinched
holomorphic sectional curvatures near the boundary.
We can also use curvature to provide a characterization of strong pseudoconvexity for convex
domains. Recall that a domain Ω ⊂ Cd with C2 boundary is called strongly pseudoconvex if the
Levi form of ∂Ω is positive definite. We then prove the following.
Theorem 1.4. For any α ∈ (0, 1), d ≥ 2 and c > 0, there exists some ǫ = ǫ(α, d, c) > 0 such
that: if Ω ⊂ Cd is a bounded convex domain with C2,α boundary, then Ω is strongly pseudoconvex
if and only if there exists a complete Ka¨hler metric g on Ω with
−c− ǫ ≤ H(g) ≤ −c+ ǫ
outside a (possibly empty) compact subset of Ω.
Theorem 1.4 generalizes Theorem 1.11 in [42] which assumed, in addition, that g and the
derivatives of g up to order two are uniformly bounded in terms of the Kobayashi metric.
Further, as we will describe below, the conclusion of the theorem does not hold for convex
domains with C2 boundary.
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Another motivation for Theorem 1.4 comes from the following classical results. Given a
bounded strongly pseudoconvex domain Ω ⊂ Cd, let gKE,Ω denote the unique Ka¨hler-Einstein
metric in Ω with Ricci curvature equal to −(d+1). Also, let gB,Ω denote the Bergman metric in
Ω. Then the holomorphic sectional curvature of these metrics has the following behavior near
the boundary.
Theorem 1.5. [8, 22, 23] Suppose that Ω ⊂ Cd is a bounded strongly pseudoconvex domain,
with C2 smooth boundary. Then by [22, 23]
lim
z→∂Ω
H(gB,Ω) = − 4
d+ 1
.
Further by [8], if ∂Ω is of class C l, with l ≥ max(3n + 6, 2n + 9), then
lim
z→∂Ω
H(gKE,Ω) = −2.
To be precise, the expression
lim
z→∂Ω
H(g) = a
means
lim
z→∂Ω
sup
X∈TzΩ\{0}
|H(g)(X) − a| = 0.
Based on Theorem 1.4 and Theorem 1.5, it seems natural to ask the following question.
Question. Suppose that Ω ⊂ Cd is a bounded domain with Ck boundary, k > 2. If there exists
a complete Ka¨hler metric g on Ω and a constant c > 0 such that
lim
z→∂Ω
H(g) = −c,
is Ω strongly pseudoconvex?
The answer to the above question is no when k = 2: J.E. Fornæss and E. Wold constructed
in [10] a bounded convex domain Ω, with C2 boundary, which is not strongly pseudoconvex and
whose squeezing function tends to one at the boundary. It follows from Theorem 1.1 in [37] and
Theorem 4 in [18] that
• limz→∂ΩH(gB,Ω) = −4/(d + 1),
• limz→∂ΩH(gKE,Ω) = −2.
The paper is organized as follows. In Section 2, we give an outline of the proof of Theo-
rem 1.2, presenting the major results (Theorem 2.3 and Theorem 2.4) needed for the proofs of
Theorem 1.2 and Theorem 1.4. In Section 3, we fix notations and state some classical results
on the Kobayashi metric, that will be used later in the paper. In Section 4, we establish some
topological properties of the space of all convex domains. We prove Theorem 2.4 in Section 5.
In Section 6, we prove a compactness result for complete Ka¨hler metrics with bounded geometry
(in the sense of S.Y. Cheng and S.T. Yau) which are uniformly bi-Lipschitz to the Kobayashi
metric. In Section 7, we describe how classical results about the Ricci flow can be used to deform
a complete Ka¨hler-Einstein metric with negatively pinched holomorphic (bi)sectional curvature
to obtain a new metric with bounded geometry. Section 8 is devoted to the proof of Theorem 2.3.
Finally, we prove Theorem 1.2 in Section 9 and Theorem 1.4 in Section 10.
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2. Outline of the proof of Theorem 1.2
Showing that Ω does not contain any complex affine line is a straight forward consequence of
the Yau-Schwarz lemma. A key idea in the proof of the other two assertions is to consider the
space of convex domains and the action of the affine group on this space.
Definition 2.1. Let Xd be the set of convex domains in C
d which do not contain a complex
affine line and let Xd,0 be the set of pairs (Ω, x) where Ω ∈ Xd and x ∈ Ω.
The sets Xd and Xd,0 have a natural topology which we describe in Section 4. Let Aff(C
d)
denote the group of affine automorphisms of Cd. Then Aff(Cd) acts on Xd and Xd,0 in a natural
way:
A · Ω = AΩ and A · (Ω, z) = (AΩ, Az).
Throughout the paper we will study the complex geometry of a convex domain Ω by considering
the domains in the closure of Aff(Cd) · Ω in Xd. To that end we introduce the following set:
Definition 2.2. Given some Ω ∈ Xd, a convex domain Ω∞ in Xd is an affine limit of Ω if there
exist a sequence zn ∈ Ω, a point z∞ ∈ Ω∞, and affine maps An ∈ Aff(Cd) such that
(1) {zn} is compactly divergent in Ω (that is, for every compact subset K ⊂ Ω there exists
some N > 0 such that zn /∈ K for all n ≥ N),
(2) An(Ω, zn) converges to (Ω∞, z∞).
Let AL(Ω) ⊂ Xd denote the set of all affine limits of Ω.
The domains in AL(Ω) reflect the asymptotic geometry of Ω. In many cases, if Ω has some
property in a neighborhood of ∂Ω then any domain in AL(Ω) has that same property globally
(see Theorem 2.3 below). Further, one can sometimes construct a domain in AL(Ω) with very
nice properties (see Theorem 2.4 below).
The first main step in our proofs is showing that the existence of Ka¨hler metrics with pinched
negative curvature is preserved under taking limits in Aff(Cd).
Theorem 2.3. Suppose Ω ∈ Xd, g is a complete Ka¨hler metric on Ω, and T (g) is either H(g)
or B(g). Assume there exists 0 < b < a such that
−a ≤ T (g) ≤ −b
outside a compact subset K of Ω. If Ω∞ ∈ AL(Ω) and ǫ > 0, then there exists a complete Ka¨hler
metric g∞ on Ω∞ with
−a− ǫ ≤ T (g∞) ≤ −b+ ǫ
on Ω∞.
A refined version of Theorem 2.3, that will be needed to prove Theorem 1.4, will be established
in Section 8 (see Theorem 8.1).
The second main step is constructing affine limits with embedded copies of D×D.
Theorem 2.4. Suppose Ω ∈ Xd. If either
(1) there exists a non-constant holomorphic map D→ ∂Ω, or
(2) ∂Ω is a C∞ hypersurface and ∂Ω has a point of infinite type,
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then there exists Ω∞ ∈ AL(Ω) and a complex affine 2-plane V such that V ∩Ω is biholomorphic
to D×D.
The final step is to use a result of F. Zheng [36] to prove the following.
Proposition 2.5. Suppose that Ω ∈ Xd and there exists a complex affine 2-plane V such that
V ∩Ω is biholomorphic to D×D. Then Ω does not admit a complete Ka¨hler metric with pinched
negative holomorphic bisectional curvature.
3. Preliminaries
Let us first fix some notations.
(1) For z ∈ Cd let ‖z‖ be the standard Euclidean norm.
(2) For z0 ∈ Cd and r > 0, let
Bd(z0; r) =
{
z ∈ Cd : ‖z − z0‖ < r
}
.
Then let Bd = Bd(0; 1) and D = B1.
For a domain Ω ⊂ Cd, let kΩ denote the Kobayashi (pseudo)metric and let KΩ denote the
Kobayashi (pseudo)distance on Ω. A nice introduction to the Kobayashi metric and its properties
can be found in [24].
If KΩ is a distance, then Ω is called (Kobayashi) hyperbolic. Every bounded domain is
(Kobayashi) hyperbolic. However, without restriction on the geometry of Ω, there is no known
characterization of when KΩ is a distance (or Cauchy complete). For convex domains we have
the following result of T.J. Barth.
Theorem 3.1 (T.J. Barth [2]). Suppose Ω ⊂ Cd is a convex domain. Then the following are
equivalent:
(1) Ω does not contain any complex affine line (i.e. Ω ∈ Xd),
(2) Ω is (Kobayashi) hyperbolic,
(3) (Ω,KΩ) is a proper geodesic metric space.
We will use the following estimate on the infinitesimal Kobayashi metric. For a domain
Ω ( Cd, a point z ∈ Ω, and a vector v ∈ Cd \{0} we define
δΩ(z) := inf{‖z − ζ‖ : ζ ∈ ∂Ω}
and
δΩ(z; v) := inf{‖z − ζ‖ : ζ ∈ (z + C ·v) ∩ ∂Ω}.
Then the following estimate is well known (see for instance [3, Theorem 4.1]).
Lemma 3.2. If Ω ⊂ Cd is a convex domain, z ∈ Ω, and v ∈ C, then
‖v‖
2δΩ(z; v)
≤ kΩ(z; v) ≤ ‖v‖
δΩ(z; v)
≤ ‖v‖
δΩ(z)
.
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4. The space of convex domains
The Hausdorff distance between two bounded sets A,B ⊂ Cd is given by
dH(A,B) = max
{
sup
a∈A
inf
b∈B
‖a− b‖ , sup
b∈B
inf
a∈A
‖a− b‖
}
.
The sets Xd and Xd,0 can be given a topology from the local Hausdorff semi-norms. For R > 0,
z ∈ Cd, and a set A ⊂ Cd, let A(R) := A∩Bd(0;R). Then define the local Hausdorff semi-norms
by
d
(R)
H (A,B) := dH(A
(R), B(R)).
We say a sequence Ωn in Xd converges to Ω in Xd if there exists some R0 ≥ 0 so that
lim
n→∞
d
(R)
H (Ωn,Ω) = 0
for all R ≥ R0. Further, we say a sequence (Ωn, zn) in Xd,0 converges to (Ω, z) in Xd,0 if Ωn
converges to Ω in Xd and zn converges to z.
The action of the affine group Aff(Cd) is obviously not transitive on Xd,0, but the following
result of S. Frankel shows that the quotient Aff(Cd)\Xd,0 is “compact”.
Theorem 4.1 (S. Frankel [13]). There exists a compact set K ⊂ Xd,0 such that Aff(Cd) ·K =
Xd,0.
As an immediate corollary we obtain the following.
Corollary 4.2. If Ω ∈ Xd and zn ∈ Ω is a sequence, then there exists nj →∞ and Aj ∈ Aff(Cd)
such that Aj(Ω, znj ) converges in Xd,0. In particular, the set AL(Ω) is non-empty.
The next result shows the stability of kΩ and KΩ when using this notion of convergence of
domains.
Theorem 4.3. If Ωn converges to Ω in Xd, then
lim
n→∞
kΩn = kΩ and limn→∞
KΩn = KΩ,
locally uniform on compact sets.
Theorem 4.3 is probably well known to experts but, for a lack of a reference, we provide a
complete proof in Appendix A.
We will also need the following explicit compact set in Xd. Define
D1 = {z ∈ C : |Re(z)| + |Im(z)| < 1}.
Let e1, . . . , ed be the standard basis of C
d. Then let
Z1 = SpanC{e2, . . . , ed}
and for 2 ≤ j ≤ d consider the complex (d− j)-dimensional affine plane
Zj = ie1 + ej + SpanC{ej+1, . . . , ed}.
Proposition 4.4. Let Kd denote the set of all convex domains Ω ∈ Xd where
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(1) Zi ∩ Ω = ∅ and
(2) ie1 + D1 ·ei ⊂ Ω
for all i = 1, . . . , d. Then Kd is a compact subset of Xd.
Proof. This is essentially the proof of Theorem 2.5 in [40]. 
5. Proof of Theorem 2.4
A subset A ⊂ Cd is called a non-trivial affine disk if there exists a non-constant affine map
ℓ : C → Cd such that ℓ(D) = A. The key step in the proof of Theorem 2.4 is establishing the
following.
Theorem 5.1. Suppose Ω ∈ X2. If ∂Ω contains a non-trivial affine disk, then there exists some
Ω∞ ∈ AL(Ω) which is biholomorphic to D×D.
Proof. Without loss of generality we can assume that
(1) Ω ⊂ {(z1, z2) ∈ C2 : Im(z1) > 0},
(2) {0} × D ⊂ ∂Ω, and
(3) (i, 0) ∈ Ω.
For every n, let zn = (i/n, 0) ∈ Ω. Then pick
ξn ∈ ({i/n} × C) ∩ ∂Ω
such that
‖ξn − zn‖ = inf {‖ξ − zn‖ : ξ ∈ ({i/n} × C) ∩ ∂Ω} .
Since Ω contains no complex affine line, we must have
lim sup
n→∞
‖ξn − zn‖ < +∞.
Suppose ξn = (i/n, an). By passing to a subsequence we can suppose that an → a. Then
lim
n→∞
‖ξn − zn‖ = lim
n→∞
|an| = |a|
and (0, a) ∈ ∂Ω. Since {0} × D ⊂ ∂Ω and Ω is convex, we also have |a| ≥ 1.
Then consider the matrix
An =
(
n 0
0 a−1n
)
.
By construction, An(Ω, zn) ∈ K2 where K2 ⊂ X2 is the subset from Proposition 4.4. So by
passing to a subsequence we can assume that AnΩ converges to some Ω1 in X2 (in fact in K2).
Let C2 ⊂ C be the open convex set such that
{0} × C2 = ({0} × C) ∩ ∂Ω.
Then define D2 = a
−1 · C2. Also let H = {z ∈ C : Im(z) > 0}.
Claim: {0} ×D2 ⊂ ∂Ω1 and Ω1 ⊂ H×D2.
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Proof of Claim: If (x, y) ∈ Ω1, then there exists (xn, yn) ∈ Ω such that An(xn, yn) → (x, y).
Thus nxn → x and yn/an → y. So xn → 0 and yn → ay. Thus y ∈ a−1 · C2. So Ω1 ⊂ C×D2.
Since Ω ⊂ H×C we also have Ω1 ⊂ H×C. So
Ω1 ⊂ (C×D2) ∩ (H×C) = H×D2.
Since a−1n · C2 × {0} ⊂ An∂Ω and a−1n → a−1, the definition of the local Hausdorff topology
implies that {0} ×D2 ⊂ Ω1. Since Ω1 ⊂ H×D2, we must have {0} ×D2 ⊂ ∂Ω1. 
Let C1 ⊂ C be the open convex set such that
C1 × {0} = (C×{0}) ∩ Ω.
Next define D1 = ∪∞n=1nC1. Then D1 is a non-empty convex open cone since 0 ∈ C1.
Claim: D1 ×D2 ⊂ Ω1.
Proof of Claim: By construction
nC1 × {0} ⊂ AnΩ
so, by the definition of the local Hausdorff topology, D1 ×{0} ⊂ Ω1. Now suppose that (x, y) ∈
D1 × D2. Since D1 is a cone, (nx, 0) ∈ Ω1 for all n. Further, the previous claim implies that
(0, y) ∈ Ω1. Thus by convexity
(x, y) = lim
n→∞
1
n
(nx, 0) +
n− 1
n
(0, y) ∈ Ω1.
Thus D1 ×D2 ⊂ Ω1. Since Ω1 has complex dimension 2, D1 ×D2 ⊂ Ω1. 
Next consider the matrices
Bn =
(
n 0
0 1
)
.
Then since D1 and H are cones we have
D1 ×D2 ⊂ BnΩ1 ⊂ H×D2.
So by passing to a subsequence we can assume that BnΩ1 converges to some Ω2 in X2.
Claim: Ω2 = D1 ×D2 and hence, by the Riemann mapping theorem, Ω2 is biholomorphic to
D×D.
Proof of Claim: Notice that D1 ×D2 ⊂ Ω2 since D1 ×D2 ⊂ BnΩ1 for any n.
for every z ∈ D2 let Sz ⊂ C be the convex open set such that
Sz × {z} = (C×{z}) ∩Ω1.
Then define Cz = ∪n∈Nn · Sz. Then Cz is a convex open cone since 0 ∈ Sz. Further
Cz ×{z} = (C×{z}) ∩ Ω2.
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Since D1 ×D2 ⊂ Ω2 we see that D1 ⊂ Cz. Suppose, for a contradiction, that D1 6= Cz for some
z ∈ D2. Then there exists some w ∈ Cz \D1. Then (tw, z) ∈ Ω2 for all t > 0. Then by convexity
(w, 0) = lim
n→∞
1
n
(nw, z) +
n− 1
n
(0, 0) ∈ Ω2.
So w ∈ D1. So we have a contradiction. Thus Cz = D1 for all z ∈ D2 and hence Ω2 =
D1 ×D2. 
Finally, since AL(Ω1) ⊂ AL(Ω) we see that Ω2 is in AL(Ω).

Next we recall a number of results which allow us to reduce Theorem 2.4 to Theorem 5.1.
First a result of S. Frankel allows us to reduce to the case where d = 2.
Theorem 5.2. [13, Theorem 9.3] Suppose Ω ∈ Xd and V is a complex affine k-plane intersecting
Ω. Let D = Ω∩V and suppose there exists affine maps An ∈ Aff(V ) such that An(D) converges
to D∞ in Xk. Then there exists affine maps Bn ∈ Aff(Cd) such that Bn(Ω) converges to Ω∞ in
Xd with
Ω∞ ∩ V = D∞.
The next two results will allow us reduce to the case where the boundary contains a non-trivial
affine disk.
Proposition 5.3. [41, Lemma 9.5] Suppose Ω ∈ X2 has smooth boundary. If ∂Ω has a point of
infinite type, then there exists some Ω∞ ∈ AL(Ω) such that ∂Ω∞ contains a non-trivial affine
disk.
Proposition 5.4. [15, Theorem 1.1] Suppose Ω ∈ Xd. If there exists a non-constant holomorphic
map D→ ∂Ω, then ∂Ω contains a non-trivial affine disk.
We can now prove Theorem 2.4.
Proof of Theorem 2.4. By Theorem 5.2 we can assume that d = 2. So suppose that Ω ⊂ C2 is
a convex domain and either
(1) Ω ∈ X2 and there exists a non-constant holomorphic map D→ ∂Ω or
(2) ∂Ω is C∞ and ∂Ω has a point of infinite type.
In the first case, ∂Ω contains a non-trivial affine disk by Proposition 5.4. Then Theorem 5.1
implies that there exists some Ω∞ ∈ AL(Ω) which is biholomorphic to D×D.
In the second case, Proposition 5.3 implies that there exists some Ω1 ∈ AL(Ω) such that ∂Ω1
contains a non-trivial affine disk. Then Theorem 5.1 implies that there exists some Ω∞ ∈ AL(Ω1)
which is biholomorphic to D×D. Then Ω∞ ∈ AL(Ω1) since AL(Ω1) ⊂ AL(Ω). 
6. Normal families of Ka¨hler metrics
This Section is devoted to the proof of the following.
Proposition 6.1. Suppose that Ωn converges to Ω∞ in Xd. Further suppose that gn is a Ka¨hler
metric on Ωn such that:
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(1) there exists A > 1, independent of n, such that
1
A
kΩn(z; v) ≤
√
gn(z)(v, v) ≤ AkΩn(z; v)
for all z ∈ Ωn and v ∈ Cd,
(2) for every q ≥ 0 there exists Cq > 0, independent of n, such that
sup
Ωn
‖∇qR(gn)‖gn ≤ Cq.
Then after passing to a subsequence the metrics gn converge locally uniformly in the C
∞ topology
to a metric g∞ on Ω∞.
The proof requires the notion of quasi-bounded geometry, which was introduced by S.Y. Cheng
and S.T. Yau in [8].
Definition 6.2. An d-dimensional Ka¨hler manifold (M,ω) is said to have quasi-bounded geom-
etry, if there exists constants r2 > r1 > 0, C > 1, and a sequence {Aq}q∈N of positive numbers
such that: for every point m ∈ M there is a domain U ⊂ Cn and a nonsingular holomorphic
map ψ : U →M satisfying the following properties:
(1) ψ(0) = m,
(2) Bd(0; r1) ⊂ U ⊂ Bd(0; r2),
(3) C−1ωCd ≤ ψ∗ω ≤ CωCd ,
(4) for every integer q ≥ 0
sup
x∈U
∣∣∣∣∣∂
|µ|+|ν|((ψ∗ω)ij)
∂zµ∂zν
(x)
∣∣∣∣∣ ≤ Aq for all |µ|+ |ν| ≤ q, 1 ≤ i, j ≤ d.
where (ψ∗ω)ij is the component of ψ
∗ω in terms of the canonical coordinates z =
(z1, . . . , zd) on C
d and µ, ν are multiple indices with |µ| = µ1 + · · ·+ µd.
The map ψ is called a quasi-coordinate map and the pair (U,ψ) is called a quasi-coordinate
chart of M .
We will use the following theorem of D. Wu and S.T. Yau.
Theorem 6.3. [32, Theorem 9] Let (M,ω) be a complete Ka¨hler manifold of complex dimension
d. The manifold (M,ω) has quasi-bounded geometry if and only if for every integer q ≥ 0, there
exists a constant Cq > 0 such that the curvature tensor R(ω) of ω satisfies
sup
M
‖∇qR(ω)‖ω ≤ Cq.
Moreover, one can choose the constants r1, r2, C, {Aq}q≥0 in Definition 6.2 to depend only on
{Cq}q≥0 and d.
Proof of Proposition 6.1. To prove the local convergence, up to subsequence, of the metrics gn
in the C∞ topology it is enough to show the following: for every compact set K ⊂ Ω∞ and
multi-indices µ, ν there exists N ≥ 0 and C(K,µ, ν) > 1, depending only on K, µ and ν, such
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that
sup
n≥N
sup
z∈K
∣∣∣∣∣∂
|µ|+|ν|(gn)ij
∂zµ∂zν
(z)
∣∣∣∣∣ ≤ C(K,µ, ν).
Suppose, to get a contradiction, that for some K and µ, ν such N and C(K,µ, ν) do not exist.
Then there exists nk →∞ and zk ∈ K such that∣∣∣∣∣∂
|µ|+|ν|(gnk)ij
∂zµ∂zν
(zk)
∣∣∣∣∣ ≥ k.
By passing to a subsequence we can assume that zk → z∞ ∈ Ω∞. By passing to another
subsequence we can assume that K ⊂ Ωnk for all k ≥ 0. Now by Theorem 6.3, (M,gn) have
quasi-bounded geometry. So for every k there exists a domain Uk ⊂ Cd and a non-singular
holomorphic map ψk : Uk → Ωnk with ψk(0) = zk which satisfies the conditions in Definition 6.2
with uniform parameters r1, r2, C, {Aq}q≥0.
Fix some r < r1. Then, since Bd(0; r1) ⊂ Uk for every k, we have
sup
w∈ψk(Bd(0;r))
KΩnk (zk, w) ≤ sup
ζ∈Bd(0;r)
KUk(0, ζ) ≤ sup
ζ∈Bd(0;r)
KBd(0;r1)(0, ζ) = KBd(0, r/r1).
Consequently, the maps ψk are uniformly bounded on the ball Bd(0; r). Since r < r1 was arbi-
trary, Montel’s theorem implies that the sequence ψk converges, up to passing to a subsequence,
to a holomorphic map ψ : Bd(0, r1)→ Ω∞.
We next claim that ψ is locally invertible at z = 0. It follows from Condition (3) in Defini-
tion 6.2 that for every k ≥ 1 and v ∈ Cd
1
C
‖v‖ ≤
√
gnk(d(ψk)0v, d(ψk)0v).
Then by Lemma 3.2 we have
1
C
‖v‖ ≤
√
gnk(d(ψk)0v, d(ψk)0v) ≤ AkΩnk (zk; d(ψk)0v) ≤ A
‖d(ψk)0v‖
δΩnk (zk)
.
In particular,
‖d(ψ)0v‖ = lim
k→∞
‖d(ψk)0v‖ ≥ lim
k→∞
1
AC
‖v‖ δΩnk (zk) ≥
c
AC
‖v‖
where c := infk δΩnk (zk) > 0. This implies that ψ is non-singular at 0 and hence locally invertible.
Pick a neighborhood U1 of 0 such that ψ|U1 is invertible. Next fix a neighborhood U2 of 0
such that U2 ⊂ U1. Since ψk converges in the C∞ topology to ψ, we can find M > 0 such that
ψk|U2 is invertible when k ≥M . Then ψk|−1U2 converges locally uniformly to ψ|−1U2 .
Next fix a neighborhood V of z∞ = ψ(0) such that V ⊂ ψ(U2). By increasing M , we can
assume that V ⊂ ψk(U2) for all k ≥M and
sup
k≥M
sup
z∈V
∣∣∣∣∣∂
|a|+|b| (ψk|U2)−1
∂za∂zb
(z)
∣∣∣∣∣ <∞(6.1)
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for every |a|+ |b| ≤ |µ|+ |ν|. By possibly increasing M again we can assume that zk ∈ V for all
k ≥M . But then Condition (6.1) and Condition (4) in Definition 6.2 imply that
sup
k≥M
∣∣∣∣∣∂
|µ|+|ν|(gnk)ij
∂zµ∂zν
(zk)
∣∣∣∣∣ <∞,
which is a contradiction.
Hence there exists g∞, a C∞ Hermitian 2-form on Ω∞, such that gnk converges locally uni-
formly to g∞ in the C∞ topology. It remains to show that g∞ is positive definite. From
Theorem 4.3 we have√
g∞(z)(v, v) = lim
k→∞
√
gnk(z)(v, v) ≥
1
A
lim
k→∞
kΩnk (z; v) =
1
A
kΩ∞(z; v) > 0.
for every z ∈ Ω∞ and v ∈ Cd. Hence g∞ is a metric. 
7. Ricci flow on Ka¨hler manifolds
In this section we use the Ricci flow to deform a complete Ka¨hler metric g with bounded
sectional curvature and obtain a new Ka¨hler metric with better properties.
Theorem 7.1. Let (M,J) be a complex manifold of dimension d, with complete Ka¨hler metric
g, and let T (g) denote either H(g) or B(g). Suppose that the sectional curvature of g is bounded
in absolute value by a real number κ > 0. Then for every ǫ > 0 and r > 0 there exists a complete
Ka¨hler metric h with the following properties:
(i) g and h are (1 + ǫ)-bi-Lipschitz,
(ii) for every q ≥ 0 there exists Cq > 0 such that
sup
M
‖∇qR(h)‖h ≤ Cq
(iii) for every z ∈M
inf
Bg(z,r)
T (g)− ǫ ≤ T (h)|Bg(z,r) ≤ sup
Bg(z,r)
T (g) + ǫ
where Bg(z, r) is the ball of radius r centered at z in the distance induced by g.
Moreover, for every q ≥ 0, the constant Cq can be chosen to depend only on q, κ, ǫ, r, and d.
Remark 7.2. Everything but Part (iii) follows from results of W. X. Shi [30, 31]. To prove Part
(iii) we adapt an argument of V. Kapovich [21]. A global version of Part (iii) for sectional
curvature and holomorphic sectional curvature appears in [32, Lemma 13].
Proof. We assume, without loss of generality, that the sectional curvatures of g are uniformly
bounded on M between -1 and 1, namely κ = 1. We recall that the Ricci flow of g is given by
(7.1)
∂
∂t
g = −2Ric(g)
where Ric(g) denotes the Ricci curvature tensor of g.
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By Theorem 1.1 in [30], Equation (7.1) has some solution gt for every t ∈ [0, T ], where T > 0
depends only on d and κ. Moreover, there exists c(d, T ) > 0 and, for every q ≥ 0, there exists
c(d, q, T ) > 0 such that gt satisfies the following conditions
(7.2) e−c(d,T )tg ≤ gt ≤ ec(d,T )tg and ‖▽qR(gt)‖2gt ≤
c(d, q, T )
tq
.
By Theorem 5.1 in [31], gt is a Ka¨hler metric for any t ∈ [0, T ].
V. Kapovich proved in [21, Proposition, Remark 1] that for every r > 0 there exists a constant
C(d, r, T ) > 0 such that
inf
Bg(z,r)
K(g) − C(d,R, T )t ≤ K(gt)|Bg(z,r) ≤ sup
Bg(z,r)
K(g) + C(d, r, T )t
where K is the sectional curvature. His argument can also be used to show that
inf
Bg(z,r)
T (g) − C(d,R, T )t ≤ T (gt)|Bg(z,r) ≤ sup
Bg(z,r)
T (g) + C(d, r, T )t(7.3)
(after possibly enlarging C(d, r, T )). We now explain the necessary modifications.
Fix U, V ∈ Tx0M with ‖U‖g = ‖V ‖g = 1. The change consists in replacing Φz(x, t) in the
proof of Proposition in [21] with the function
Φ˜z(x, t) := B(gt)(x,U, V )ζz(x) =
R(gt)(U, JU, V, JV )
|U |2gt |V |2gt
ζz(x),
when T = B and with the function
Φ˜z(x, t) := H(gt)(x,U)ζz(x) =
R(gt)(U, JU, JU,U)
|U |4gt
ζz(x)
when T = H, R(gt).
Then the proof follows line by line the proof of Proposition in [21], replacing everywhere
|U ∧ V | with |U |gt · |V |gt when T = H and with |U |2gt when T = B. This modification also
requires the fact that there exists a constant C(d, T ) > 0 such that for every x ∈ M and for
every t ∈ [0, T ], ∣∣∣∣∂|U |gt(x, t)|∂t
∣∣∣∣ ≤ C(d, T ),
∣∣∣∣∂|V |gt(x, t)|∂t
∣∣∣∣ ≤ C(d, T ).
It follows from Equations (7.2) and (7.3) that we can pick some t > 0, which only depends
on κ, ǫ, R, and d, such that the metric h = gt satisfies Parts (i), (ii), and (iii) of the Theorem.
Moreover, for every q the constant Cq can be chosen to only depend on q, κ, ǫ, r, d, and are
provided by (7.2). This proves Part (iii). 
8. Metric deformation on convex domains: Proof of Theorem 2.3
In this section we prove the following stronger version of Theorem 2.3.
Theorem 8.1. Suppose Ω ∈ Xd, g is a complete Ka¨hler metric on Ω, and T (g) is either H(g)
or B(g). Assume there exists 0 < b < a such that
−a ≤ T (g) ≤ −b
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outside a compact subset K of Ω. If Ω∞ ∈ AL(Ω) and ǫ > 0, then there exists a complete Ka¨hler
metric g∞ on Ω∞ with
(1) −b− ǫ ≤ T (g∞) ≤ −a+ ǫ on Ω∞,
(2) there exists A∞ > 1 such that g∞ and kΩ∞ are A∞-bi-Lipschitz on Ω∞, and
(3) for every q ≥ 0 there exists Cq > 0 such that
sup
Ω∞
‖∇qR(g∞)‖g∞ ≤ Cq.
Moreover, the constant A∞ can be chosen to depend only on a, b, ǫ, and d and, for every
q ≥ 0, the constant Cq can be chosen to depend only on q, a, b, ǫ, and d.
We first prove the following lemma.
Lemma 8.2. Under the hypothesis of Theorem 8.1:
(i) There exists a compact subset K ′ of Ω and A > 1 (depending only on a and b) such that√
g(z)(v, v) ≤ AkΩ(z; v)
for all z ∈ Ω\K ′ and v ∈ Cd.
(ii) There exists some A′ > A (depending on a, b, d and on Ω), such that
1
A′
kΩ(z; v) ≤
√
g(z)(v, v) ≤ A′kΩ(z; v)
for all z ∈ Ω and v ∈ Cd.
Proof. First, by the assumptions on T (g) and according to the Yau-Schwarz Lemma (see [34],
Theorem), there is a constant A1 > 0, depending only on a and b, such that√
g(z)(v, v) ≤ A1kΩ\K(z; v)
for every z ∈ Ω\K and every v ∈ Cn.
Now, since Ω is convex, then for every p ∈ ∂Ω there is a complex affine map ℓ : Cd → C such
that ℓ(p) = 0 and
Ω ⊂ {z ∈ Cd : Re(ℓ(z)) > 0}.
Consider the function hp : Ω→ C given by
hp(z) =
1− ℓ(z)
1 + ℓ(z)
.
Then hp is holomorphic in a neighborhood of Ω and, since Ω ∈ Xd, there is a compact set
Kp ⊂ ∂Ω, containing p, such that hp ≡ 1 on Kp and |hp| < 1 on Ω\Kp.
Hence, it follows from [16, Lemma 2.1.1] that there is an open neighborhood Up of p in C
d,
Ω ∩ Up ⊂ Ω\K, such that for every z ∈ Ω ∩ Up and every v ∈ Cd,
kΩ\K(z; v) ≤ kΩ∩Up(z; v) ≤ 2kΩ(z; v).
Moreover, it follows from [6, Theorem 1.1] that since Ω ∈ Xd, then Ω admits d separating real
hyperplanes. Hence, there exists a function h∞, continuous on Ω and holomorphic on Ω, such
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that |h∞(z)| < 1 for every z ∈ Ω and lim|z|→∞ h∞(z) = 1. According to [16, Lemma 2.1.1],
there is a compact set K ′1 in Ω with K ⊂ K ′1, such that for every z ∈ Ω\K ′1 and every v ∈ Cd,
kΩ\K(z; v) ≤ kΩ\K ′
1
(z; v) ≤ 2kΩ(z; v).
Then the set K ′ := K ′1 ∩ (∩p∈∂Ω(Ω\Up)) is a compact subset of Ω, K ⊂ K ′, and for every
z ∈ Ω\K ′ and every v ∈ Cd, we have
kΩ\K(z; v) ≤ 2kΩ(z; v).
Consequently, √
g(z)(v, v) ≤ 2A1kΩ(z; v)
for every z ∈ Ω\K ′ and every v ∈ Cd. This proves Part (i).
Since g is bounded from above on the compact set K ′ and kΩ is bounded from below by a
positive constant on K ′, there is a positive constant A2, depending on a, b, d, g and Ω, such
that
√
g(z)(v, v) ≤ A2kΩ(z; v) for every z ∈ K ′ and every v ∈ Cd. Hence√
g(z)(v, v) ≤ sup(2A1, A2)kΩ(z; v)
for every z ∈ Ω and every v ∈ Cd. This proves the upper estimate of Part (ii).
It follows now from the assumptions on T (g) and from the smoothness of the complete Ka¨hler
metric g on Ω that the Ricci curvature of g is bounded from below and above on Ω according
to [4, Formula (6.1)]. Hence, again from the Yau-Schwarz Lemma [34], we obtain that there
exists A3 > 0, depending on a, b, d, and Ω, such that√
g(z)(v, v) ≥ 1
A3
cΩ(z; v)
for every z ∈ Ω and every v ∈ Cd. Here cΩ denotes the Carathe´odory infinitesimal metric
on Ω. Finally, since Ω is convex, cΩ ≡ kΩ. This completes the proof of Part (ii), setting
A′ = sup(2A2, A2, A3).

We can prove now Theorem 8.1.
Proof of Theorem 8.1. There exists k > 0 (depending only on a, b and d) such that the curvature
tensor R(g) of (Ω, g) satisfies, for every z ∈ Ω\K,
(8.1) ‖R(g)(z)‖g ≤ k.
Then, since K is compact, there exists some k˜ > k (depending on a, b, d and Ω), such that for
every z ∈ Ω
(8.2) ‖R(g)(z)‖g ≤ k˜.
Fix ǫ > 0. By Theorem 7.1, there exists a complete Ka¨hler metric h on Ω such that
(i) g and h are (1 + ǫ/2)-bi-Lipschitz,
(ii) for every q ≥ 0 there exists C˜q > 0 such that
sup
Ω
‖∇qR(h)‖h ≤ C˜q,
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(iii) a− ǫ/2 ≤ T (h) ≤ b+ ǫ/2 on Ω\K.
Next fix Ω∞ ∈ AL(Ω). By definition, there exist a sequence zn ∈ Ω, a point z∞ ∈ Ω∞ and
affine maps An ∈ Aff(Cd), such that
(1) zn → q ∈ ∂Ω,
(2) An(Ω, zn) converges to (Ω∞, z∞).
Let Ωn = AnΩ and hn = (An)
∗h. Since the Kobayashi metric is invariant under biholomor-
phisms, it follows from Property (i) of h and Lemma 8.2 Part (ii) that
1
A′(1 + ε/2)
kΩn(z; v) ≤
√
hn(z)(v, v) ≤ A′(1 + ε/2)kΩn (z; v).
for every n ≥ 1, z ∈ Ωn, and v ∈ Cd. Further, for every n, the curvature tensor R(hn) of (Ωn, hn)
satisfies
sup
Ωn
‖∇qR(hn)‖hn ≤ C˜q.
Hence, it follows from Proposition 6.1 that we may extract from the sequence {hn} a subse-
quence, still denoted {hn}, that converges uniformly on compact subsets of Ω∞ to some complete
Ka¨hler metric h∞ on Ω∞. Moreover, by construction and Property (iii) of h, we have
(8.3) − a− ǫ/2 ≤ T (h∞) ≤ −b+ ǫ/2.
on Ω∞.
We obtain from (8.3) that the sectional curvatures of h∞ are bounded on Ω∞ between −κ∞
and κ∞, where κ∞ is a positive constant depending only on a, b, d, and ǫ (see [4, Formula (6.1)]).
Now, since T (h∞) is negatively pinched on Ω∞ by (8.3), it follows from Lemma 8.2 (i) that
there exists β1 > 1, depending only on a, b, d and ǫ, such that√
h∞(z)(v, v) ≤ β1kΩ∞(z; v)
for every z ∈ Ω∞ and for every v ∈ Cd. Moreover, repeating the proof of the lower estimate of
Lemma 8.2 (ii), there exists β2 > 0, depending only on a, b, d, ǫ, and κ∞ (and consequently
only on a, b, d, and ǫ) such that
1
β2
kΩ∞(z; v) ≤
√
h∞(z)(v, v)
for every z ∈ Ω∞ and for every v ∈ Cd. In particular, setting β := sup(β1, β2), the metrics kΩ∞
and
√
h∞ are β-bi-Lipschitz on Ω∞.
Finally, applying Theorem 7.1 to (Ω∞, h∞), with ε/2 instead of ε, we obtain that there
exists a complete Ka¨hler metric g∞ on Ω∞ which satisfies the conclusion of Theorem 8.1, with
A∞ = β(1 + ε).

9. Proof of Theorem 1.2
The final ingredient needed to prove Theorems 1.2 is Proposition 2.5. This is a consequence
of a result of F. Zheng [36]. Before stating this result we need one definition.
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Definition 9.1. [36] Let Ω be a bounded pseudoconvex domain in Cd and let gΩ denote the
unique complete Ka¨hler-Einstein metric on Ω with Ricci curvature −(d + 1). Then Ω has
geometric rank ≥ 2 if there is a complete Ka¨hler manifold (M,g0), with Ricci curvature bounded
from below, and a holomorphic embedding f : D ×M → Ω such that f∗t (gΩ) ≥ g0 for every
t ∈ D, where ft = f(t, ·).
Theorem 9.2 ([36], Theorem A). Let Ω be a bounded pseudoconvex domain. If Ω has geometric
rank ≥ 2, then it does not admit a complete Ka¨hler metric with negatively pinched holomorphic
bisectional curvature.
Every domain Ω ∈ Xd is biholomorphic to a bounded pseudoconvex domain (see for in-
stance [11, Proposition 2.8]) and hence has a unique complete Ka¨hler-Einstein metric with Ricci
curvature −(d+ 1) which we denote by gΩ. In the proof of Proposition 2.5, we will require the
following estimates on gΩ and kΩ.
Lemma 9.3. [13, Theorem 2.2] For any d > 0 there exists C > 1 such that if Ω ∈ Xd, z ∈ Ω
and v ∈ Cn, then
1
C
kΩ(z; v) ≤
√
gΩ(z)(v, v) ≤ CkΩ(z; v).
Lemma 9.3 also follows from general results about the squeezing function, see [35, Theorem
2] and [27, Theorem 1].
Lemma 9.4. If Ω ∈ Xd and V is a complex affine k-plane, then
kΩ(z; v) ≤ kΩ∩V (z; v) ≤ 2kΩ(z; v)
for all z ∈ V ∩ Ω and v ∈ TzV .
Proof. Since Ω ∩ V ⊂ Ω, the definition of the Kobayashi metric implies that
kΩ(z; v) ≤ kΩ∩V (z; v)
for all z ∈ V ∩ Ω and v ∈ TzV . Thus by Lemma 3.2 we have
kΩ∩V (z; v) ≤ ‖v‖
δΩ∩V (z; v)
=
‖v‖
δΩ(z; v)
≤ 2kΩ(z; v)
for all z ∈ V ∩ Ω and v ∈ TzV , v 6= 0. 
We can now prove Proposition 2.5.
Proof of Proposition 2.5. By assumption, there is a biholomorphism ψ : D × D → V ∩ Ω. If
i : V ∩Ω→ Ω denotes the inclusion map, then f := i ◦ ψ is a holomorphic embedding of D×D
into Ω. Let h denote the Poincare´ metric on D with curvature −1. Let C > 1 be the constant
from Lemma 9.3. Then for every z ∈ D, v ∈ C, we have√
f∗(gΩ)z(v, v) =
√
gΩ(d(f)zv, d(f)zv) ≥ 1
C
kΩ(f(z); d(f)zv)
≥ 1
2C
kΩ∩V (f(z); d(f)zv) =
1
2C
kD×D(z; v)
=
1
4C
√
hz(v, v).
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So Ω has geometric rank ≥ 2 and hence by Theorem 9.2 does not admit a complete Ka¨hler
metric with pinched negative bisectional curvature. 
Proof of Theorem 1.2. Suppose that Ω ⊂ Cd is a convex domain and g is a complete Ka¨hler
metric on Ω with pinched negative holomorphic bisectional curvature outside a compact set
K ⊂ Ω.
We first show that Ω does not contain any complex affine line, i.e. Ω ∈ Xd. Suppose for a
contradiction that there exists a, b ∈ Cd with b 6= 0 and
a+ C ·b ⊂ Ω.
Since Ω is convex and open, this implies that z + C ·b ⊂ Ω for every z ∈ Ω. So by applying an
affine transformation to Ω, we can assume that Ω = C×Ω′ for some convex domain Ω′ ⊂ Cd−1.
Repeating the argument at the start of the proof of Lemma 8.2, there exists some some A1 > 0
such that √
g(z)(v, v) ≤ A1kΩ\K(z; v)
for every z ∈ Ω\K and every v ∈ Cn.
Now let v0 = (1, 0, . . . , 0) and pick some z0 ∈ Ω such that
z0 + C ·v0 ⊂ Ω \K
(this is possible since Ω = C×Ω′). Then
0 <
√
g(z0)(v0, v0) ≤ A1kΩ\K(z0; v0) = 0
which is a contradiction. Thus Ω ∈ Xd.
Now, seeking for a contradiction, assume that either there is a nontrivial holomorphic map
from D to ∂Ω, or ∂Ω is smooth of class C∞ and has a point of infinite type. Then according to
Theorem 2.4, there exists some Ω∞ ∈ AL(Ω) and a complex affine 2-plane V such that V ∩Ω∞
is biholomorphic to D×D.
It follows from Proposition 2.5 that Ω∞ does not admit a complete Ka¨hler metric with pinched
negative holomorphic bisectional curvature. Hence, according to Theorem 2.3, Ω does not admit
a complete Ka¨hler metric with pinched negative holomorphic bisectional curvature outside a
compact set. So we have a contradiction. 
10. Proof of Theorem 1.4
For the proof of Theorem 1.4, we will use the following theorem of S. Greene and S. Krantz.
Theorem 10.1. [19, Theorem 3] Suppose M is a simply connected d-dimensional complex
manifold on which, for every ǫ > 0, there is a complete Ka¨hler metric g with
−1− ǫ ≤ H(g) ≤ −1 + ǫ.
Then M is biholomorphic to the unit ball in Cd.
Using results from [42] we will establish the following.
Theorem 10.2. For every α ∈ (0, 1) and d > 0, there exists a subset Ld,α ⊂ Xd with the
following properties:
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(1) Ld,α is compact in Xd,
(2) if C ∈ Ld,α, then C is not biholomorphic to the unit ball, and
(3) if Ω ⊂ Cd is a bounded convex domain with C2,α boundary which is not strongly pseudo-
convex, then there exists a domain C ∈ AL(Ω) ∩ Ld,α.
Proof. Let Kd be the set defined in Proposition 4.4. Next, let Ld,α be the set of all convex
domains C ∈ Xd such that
(1) C ∈ Kd,
(2) (C×{0}) ∩ C = {(z, 0, . . . , 0) : Im(z) > 0}, and
(3) δC(rie1; e2) ≤ r1/(2+α) for r ≥ 1.
Conditions (2) and (3) are clearly closed conditions in the local Hausdorff topology. Then, since
Kd is compact in Xd, we see that Ld,α is compact in Xd.
By [42, Proposition 5.1], if Ω ⊂ Cd is a bounded convex domain with C2,α boundary which is
not strongly pseudoconvex, then there exists a domain C ∈ AL(Ω) ∩ Ld,α. By [42, Proposition
2.1], if C ∈ Ld,α, then C is not biholomorphic to the unit ball. 
Proof of Theorem 1.4. Fix α ∈ (0, 1) and d ≥ 2. Using Theorem 1.5, it is enough to prove the
following: there exists some ǫ = ǫ(α, d, c) > 0 such that if Ω ⊂ Cd is a bounded convex domain
with C2,α boundary and there exists a complete Ka¨hler metric g on Ω with
−c− ǫ ≤ H(g) ≤ −c+ ǫ
outside a (possibly empty) compact subset of Ω, then Ω is strongly pseudoconvex.
Suppose for a contradiction that this statement is false. Then for every n ∈ N there exists
Ωn ⊂ Cd a bounded convex domain with C2,α boundary which is not strongly pseudoconvex, a
compact set Kn ⊂ Ωn, and a complete Ka¨hler metric gn on Ωn with
−1− 1/n ≤ H(gn) ≤ −1 + 1/n
on Ωn \Kn.
By Theorem 10.2, there exists some Cn ∈ AL(Ωn)∩Ld,α. Since Ld,α ⊂ Xd is a compact set, we
can pass to a subsequence and assume that Cn converges to some C∞ in Ld,α. By Theorem 10.2,
C∞ is not biholomorphic to the unit ball. Then Theorem 10.1 and the following Claim give a
contradiction.
Claim: For every δ > 0, there is a complete Ka¨hler metric h on C∞ such that
−1− δ ≤ H(h) ≤ −1 + δ.
Proof of Claim: Fix δ > 0. For n ≥ 2/δ, we have
−1− δ/2 ≤ H(gn) ≤ −1 + δ/2
in a neighborhood of ∂Ω. Since
−2 ≤ H(gn) ≤ 0,
there exists some κ > 0, which is independent of n, such that
‖R(gn)‖gn ≤ κ.
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So Theorem 8.1 with ǫ = δ/2 implies that there exist constants A > 1 and {Cq}q≥0 such that
for every n ≥ 2/δ there exists a complete Ka¨hler metric hn on Cn with
(1) −1− δ ≤ H(hn) ≤ −1 + δ on all of Cn,
(2) hn and kCn are A-bi-Lipschitz on Cn, and
(3)
sup
z∈Cn
‖∇qR(hn)‖hn ≤ Cq.
Using Proposition 6.1 and possibly passing to a subsequence, we can assume that hn converges
in the C∞ topology to a Ka¨hler metric h on C∞. Then
−1− δ ≤ H(h) ≤ −1 + δ
and the Claim is established.

Appendix A. Proof of Theorem 4.3
For the rest of the section suppose that Ωn converges to Ω in Xd. We first establish the
following lemma.
Lemma A.1. For every compact set K ⊂ Ω, there exists N ≥ 0 such that K ⊂ Ωn for all
n ≥ N .
Proof. The proof follows directly from the definition of convergence in Xd and convexity. Indeed,
fix a compact set K ⊂ Ω and suppose that there does not exists some N ≥ 0 such that K ⊂ Ωn
for all n ≥ N . Then there exists nj → ∞ and kj ∈ K \ Ωnj . By passing to a subsequence we
can assume that kj → k ∈ K.
Since Ωnj is convex, there exists some affine map ℓj : C
d → C such that ℓj(kj) = 0 and
Im(ℓj(Ωnj )) > 0. Next pick aj ∈ C and bj ∈ Cd such that ℓj(z) = aj + 〈bj, z〉. We can assume
that ‖bj‖ = 1 and then
|aj | = |〈bj , kj〉| ≤ ‖kj‖ .
So by passing to a subsequence we can suppose that ℓj converges to a non-constant affine map
ℓ : Cd → C. If z ∈ Ω, then there exists zn ∈ Ωn such that zn → z. So
Im(ℓ(z)) = lim
j→∞
Im(ℓj(znj )) ≥ 0.
Since z ∈ Ω was arbitrary we have
Im (ℓ (Ω)) ≥ 0.
Since Ω is open we must have Im (ℓ (Ω)) > 0. But then
0 < Im(ℓ(k)) = lim
j→∞
Im(ℓj(kj)) = lim
j→∞
0 = 0
which is a contradiction. 
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Let S = {v ∈ Cd : ‖v‖ = 1}. To prove Theorem 4.3, it is enough to prove the convergence of
the Kobayashi metrics kΩn on compact subsets of Ω × S. Fix a compact subset K ⊂ Ω. Then
since K × S is compact, it is enough to consider a sequence (pn, vn) ∈ K × S with
lim
n→∞
(pn, vn) = (p, v)
and show that
lim
n→∞
kΩn(pn; vn) = kΩ(p; v).
Notice that Lemma A.1 implies that pn ∈ Ωn for n sufficiently large and hence kΩn(pn; vn) is
well defined for n sufficiently large.
Lemma A.2.
lim sup
n→∞
kΩn(pn, vn) ≤ kΩ(p; v).
Proof. Fix some r ∈ (0, 1) and let Dr := {ζ ∈ C : |ζ| < r}. Then the set
K̂ =
{
g(ζ) : g : D→ Ω holomorphic, g(0) ∈ K, and ζ ∈ Dr
}
is compact in Ω since the Kobayashi distance is proper.
for every n, let gn : D→ Ω be a holomorphic map such that gn(0) = pn, g′n(0) = vn/αn, and
αn = kΩ(pn, vn).
Since gn(Dr) ⊂ K̂, there exists some Nr ≥ 0 such that gn(Dr) ⊂ Ωn for all n ≥ Nr. Then define
gn,r : D→ Ωn by gn,r(z) = gn(rz). Then gn,r(0) = pn and g′n,r(0) = rvn/αn. So
kΩn(pn; vn) ≤
αn
r
=
1
r
kΩ(pn; vn)
when n ≥ Nr.
Since the Kobayashi distance on Ω is proper, Ω is a taut complex manifold. So kΩ is continuous
by [1, Proposition 2.3.34]. Hence
lim
n→∞
kΩ(pn; vn) = kΩ(p; v)
and so
lim sup
n→∞
kΩn(pn; vn) ≤
1
r
lim sup
n→∞
kΩ(pn, vn) =
1
r
kΩ(p; v).
Then since r ∈ (0, 1) is arbitrary,
(A.1) lim sup
n→∞
kΩn(pn; vn) ≤ kΩ(p; v).

Lemma A.3.
kΩ(p; v) ≤ lim inf
n→∞
kΩn(pn, vn).
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Proof. Let fn : D→ Ωn be a holomorphic map such that fn(0) = pn, f ′n(0) = vn/αn, and
αn = kΩn(pn, vn).
Next pick nj →∞ such that
lim inf
n→∞
kΩn(pn, vn) = lim
j→∞
kΩnj (pnj , vnj ).
By Lemma A.2
(A.2) α := lim inf
n→∞
kΩn(pn, vn) ≤ lim sup
n→∞
kΩn(pn, vn) < +∞.
Claim. Passing to a subsequence if necessary, we may assume that fnj converges locally uniformly
to a holomorphic map f : D→ Ω.
Proof of the Claim. By Montel’s theorem, it is enough to fix a compact set Y ⊂ D and show
that
sup
y∈Y
sup
j≥0
∥∥fnj(y)∥∥ < +∞.
Suppose not, then after possibly passing to a subsequence there exists yj ∈ Y such that
lim
j→∞
∥∥fnj(yj)∥∥ =∞.(A.3)
Let
vj =
fnj(yj)∥∥fnj(yj)∥∥ .
By passing to a subsequence we can assume that vj → v. Next fix some
q ∈ (p + C ·v) ∩ ∂Ω.
Then there exists qj ∈ ∂Ωnj such that qj → q. By passing to another subsequence we can
assume that p ∈ Ωnj for all j. Since each Ωnj is convex, we can find an affine map ℓj : Cd → C
such that ℓj(qj) = 0, ℓj(p) = i, and Im(ℓj(Ωnj)) > 0. By passing to another subsequence we
can suppose that ℓj converges locally uniformly to an affine map ℓ : C
d → C. Then ℓ(q) = 0,
ℓ(p) = i, and Im(ℓ(Ω)) > 0.
Since pn → p, by passing to a subsequence we can suppose there exists some domain D ⊂ Ω
such that pnj ∈ D for all j ≥ 0 and D is a compact subset of Ω. Then by Lemma A.1 and
possibly passing to a subsequence, we can suppose that D ⊂ Ωnj for all j ≥ 0.
Next let H = {z ∈ C : Im(z) > 0}. Then
KH(ℓj(fnj (yj)), i) = KH(ℓj(fnj (yj)), ℓj(p)) ≤ KΩnj (fnj(yj), p)
≤ KΩnj (fnj(yj), pnj ) +KΩnj (pnj , p)
≤ KD(yj, 0) +KD(pnj , p).
Since Y ⊂ D is compact and pn → p, we see that
sup
j≥0
KH(ℓj(fnj(yj)), i) ≤ sup
y∈Y
KD(y, 0) + sup
j≥0
KD(pnj , p) < +∞
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which implies that
sup
j≥0
∣∣ℓj(fnj(yj))∣∣ < +∞.(A.4)
Next pick a, aj ∈ C and b, bj ∈ Cd such that ℓj(z) = aj + 〈bj, z〉 and ℓ(z) = a + 〈b, z〉. Then
aj → a and bj → b. Further
ℓj(fnj (yj)) = aj +
〈
bj, fnj (yj)
〉
= aj +
∥∥fnj(yj)∥∥ 〈bj, vj〉 .
Then Equations (A.3) and (A.4) imply that
〈b, v〉 = lim
j→∞
〈bj , vj〉 = 0.
Since q = z0 + λv for some λ ∈ C we have
i = ℓ(z0) = a+ 〈b, z0〉 = a+ 〈b, q〉+ 〈b, z0 − q〉 = ℓ(q)− λ 〈b, v〉 = 0.
So we have a contradiction. Thus by Montel’s theorem and passing to a subsequence if necessary,
we may assume that fnj converges locally uniformly to a holomorphic map f : D→ Ω.
Then
f ′(0) = lim
j→∞
f ′nj(0) = limj→∞
vnj/αnj .
By Equation (A.2)
α = lim
j→∞
αnj < +∞
and vn converges to v. So we must have α > 0. Thus f
′(0) = v/α. Then
kΩ(p; v) ≤ α = lim
j→∞
αnj = lim infn→∞
kΩn(pn; vn).

Finally, it follows from Lemmas A.2 and A.3 that
lim
n→∞
kΩn(pn; vn) = kΩ(p; v).
.
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